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1 Introduction

Many analyses done by i2i involve detecting divergent health care providers,1 which are divergent
in the sense that they perform a particular ’event’ more often than health care providers of the
same type (their "peer group"). In such an analysis, every patient undergoes a Bernoulli trial:
they either get a particular treatment (event) or they don’t (no event). An event might be for
example staying in the hospital overnight, being operated on, having two diagnoses in parallel,
etc.

Currently, we have a few different methods for detecting statistically significant divergence
of providers, and a proposal for a better method to replace all of our current methods. This
document describes this proposal and is intended for an external statistician to help answer the
question: "Is our proposed new method, a justifiable method?".

2 Proposed method

Our method consists of 2 parts. First, we run a hypothesis test, using the null hypothesis
that the event probability is the same at each provider within a peer group, after accounting
for certain covariates. For each provider this leads to a certain margin above which it will be
labeled as divergent. Secondly, we estimate the between provider standard deviation that is not
accounted for by the covariates we use in the first step. This is then added to the margin, and
the amount by which a provider exceeds this margin, is converted into an equivalent cost in
euros.

2.1 Hypothesis test

Our test first requires classification of patients into different buckets based on their features,
such as age and diagnosis, because part of the variation between providers can be explained by
differences in their patient populations. For example, older patients might require a particular
expensive treatment more often than younger patients, in which case we do not want to unfairly
label a provider as divergent simply because it has many older patients. We create a different
bucket for every distinct combination of values of each covariate (for example, a bucket might
contain male patients between 30 and 40 years old, having diagnosis X).

In the following, j labels health care providers and i labels different patient buckets. Then nij

is the number of patients and oij the number of observed treatments or, more generally, events.
With a single index these symbols represent the total per provider: o•j =

∑
i oij , n•j =

∑
i nij .

In our model, oij ∼ binom(nij , pij), where the oij are observed random variables and the nij

and the pij are known and unknown parameters, respectively. Since we benchmark providers
against a peer group, we are interested in the average treatment probability over all providers

1by health care provider we mean an institution, such as a hospital or a pharmacy.
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in the peer group

ρi =

∑
j nijpij∑
j nij

with maximum likelihood estimate

ρ̂i =

∑
j oij∑
j nij

Now we wish to test if a provider treats its patients more often than its peergroup, taking
differences in patient population into account, but without testing every patient type seperately.
Therefore, as the null hypothesis for provider j we choose

H0 :

∑
i nijpij
n•j

=

∑
i nijρi
n•j

with the alternative hypothesis

H1 :

∑
i nijpij
n•j

>

∑
i nijρi
n•j

So the null hypothesis says that the total fraction of patients treated is consistent with the
assumption that every patient would get the same treatment in every hospital in the peer group.
The corresponding test statistic is o•j/n•j (the fraction of patients treated) which, under the
null hypothesis, is a sum of binomial random variables, with expectation

ej =

∑
i nijρi
n•j

and variance

σj =

√∑
i nijρi(1− ρi)

n•j

where we have assumed the oij to be independent, so we may sum their variances. We estimate

ej and σj as êj =
∑

i nij ρ̂i
n•j

and σ̂j =

√∑
i nij ρ̂i(1−ρ̂i)

n•j
.

We reject the null hypothesis when

o•j
n•j

> êj + t · σ̂j

The value t is the threshold parameter, that determines the balance between sensitivity and
specificity. Assuming nijpij is large enough, we may apporximate the oij , and hence o•j , as
Gaussian, in which case a value of t = 2 should lead to a significance level of α = 2.5%.

The procedure described here is extended in the next section, where we calculate an addi-
tional parameter which is combined with σj .

As a side note, care should be taken in classifying the patients to prevent having too many
buckets in which many providers have nij = 0. In that case, providers having nij = 0 essentially
don’t contribute to ρi. In an extreme case, there may be only one provider k having patients in
bucket i (so nij = 0 when j ̸= k) in which case ρi = pik and the expectation for that provider in
that bucket is based entirely on the provider itself, and there is no benchmarking based on the
peer group.

2.2 Two level model with between provider standard deviation

In the previous model any provider that significantly deviated from its expected value based on
its peergroup, was considered divergent. This is problematic because adjusting for the patient
characteristics available to us is suspected to be insufficient to effectively take into account all
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"legitimate" sources of variation between providers. Furthermore, any tiny deviation will be
significant in this model, as long as the provider is large enough. Therefore we turn the model
from the previous section into a two-level model, where the ej are no longer parameters, but are
themselves drawn from a distribution, to model variation in the true effect among providers (a
"random effects" model):

ej ∼ N (e, τ2)

so that
o•j
n•j

∼ N (ej , σ
2
j )

o•j
n•j

∼ N (e, σ2
j + τ2).

This is similar to the model described in section 3.1 of [1]. In this model ej and σj are estimated
as before, and the null hypothesis will be rejected when

o•j
n•j

> êj + t ·
√
ŝ2j + τ̂2

The task is then to find a good estimate of τ , the true "between provider standard deviation".
For this we follow [2], explaining the intermediate steps.

In the notation of [2], we would have

Tj =
o•j
n•j

− êj

and weights
wj = nj

and observed weighted mean

T =

∑
j wjTj∑
j wj

Here Tj is the deviation of the observed fraction of patients treated from the fraction that is
expected based on the model in the previous section. Under the null hypothesis of that model,
the expected value of Tj would be 0 for every provider. To estimate τ2, we take the observed
sample variance in T and subtract what the sample variance in T would be under the the
hypothesis that all provider effects were drawn from the same distribution (i.e. τ = 0). This is
then divided by the bias in the sample variance. We can write the observed sample variance as
Q/V1 where

Q =
k∑

j=1

wj(Tj − T )2,

V1 =
∑k

j=1wj is the sum of the weights as in [3] and k is the total number of providers in the
peer group. For the expected sample variance Q0/V1 we have:

Q0 = E

 k∑
j=1

wj(Tj − T )2


=

k∑
j=1

wjE[(Tj − T )2]

because the weights are non-random. Under the aforementioned hypothesis that τ = 0 we have

E[(Tj − T )2] =
k − 1

k
σ2
j
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where σ2
j is the variance in Tj

2 and k−1
k is the sample bias. This leads to3

Q0 =

k∑
j=1

wj
k − 1

k
σ2
j .

As explained in the appendix, the weighted sample variance has a bias of 1 − V2

V 2
1

(where V2 =∑
j w

2
j ) so our final estimate of τ is

τ̂2 = α
Q−

∑k
j=1wj

k−1
k σ̂2

j

C

where
C = V1 −

V2

V1

and α ∈ [0, 1] is an indicator-specific damping coefficient, the Tau significance factor. Currently
this has a value of α = 0.02 for all indicators in production except for Incidentie, for which
α = 1.

If τ̂2 calculated this way becomes negative, we set it to 0.

2.3 Interpretation of outcome

The amount by which a provider has to change in order to no longer be divergent is reported to
the provider as (

o•j
n•j

− (e•j + t ·
√
σ̂2
j + τ̂2)

)
· n•j

This amount is multiplied by the estimated average cost of each excess event, to report the
deviation in terms of money. In our reports this is refered to as "risico-omzet", which is calculated
for a range of indicators at the level of (usually) either specialty or diagnosis (group). In this
way we do not have the binary outcome of either rejecting or accepting the null hypothesis, but
we are sensitive to the actual effect size. The calculated "risico-omzet" actually depends both
on the true effect size and on the size of the provider (the same effect size, could be significant
in a large provider while it is not significant in a smaller provider).

3 Application to Multinomial Cases

The method described above can be extended to handle multinomial cases, such as when a
specific diagnosis results in one of several mutually exclusive levels of care (e.g., four levels,
ordered from least to most expensive). In this scenario, the analysis is not a single binomial
test, but rather a set of combined binomial tests.

The core idea is to apply the binomial test described in Section 2.1 and 2.2 to each level
of care independently to derive the necessary estimates and margins. The primary difference
lies in how these multiple binomial outcomes are subsequently combined and corrected.

Let us index these discrete care levels by k, where k ∈ [1,K] (e.g., K = 4), with k increasing
with the cost of the treatment.

2Here we approximate the variance in ẽj as 0, because it is based on the entire peer group and is thus expected
to vary much less than o•j

n•j
which is the fraction of treated patients in a single hospital. This might lead to an

underestimation of Q0 and hence an overestimation of τ and hence to some false negatives.
3Using weights wj = 1/σ2

j as in [2] leads to a more elegant equation. However, because in the calculation of
êj we use the size of the providers as weights, it seems more consistent to do so here as well.
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3.1 Corrected Occurrences (aantal gecorrigeerd)

For this multinomial case, two main items are computed: the aantal gecorrigeerd (corrected
occurrences) and the prijs (cost). Before calculating the correction, we define the following for
a given provider j and care level k:

• o•jk: The observed number of occurrences for care level k (
∑

i oijk). This is the "aantal
werkelijk."

• E•jk: The estimated expected number of occurrences for level k, computed using the peer
group model as described in Section 2.1 (i.e., E•jk =

∑
i nij ρ̂ik, where ρ̂ik is the estimated

peer-group probability for level k in bucket i). This is the "aantal verwacht".

The aantal gecorrigeerd (corrected occurrences), which we denote og•jk, is then calculated for
each level k:

og•jk =

{
o•jk −

(∑
l>k E•jl −

∑
l>k o•jl

)
if o•jk > E•jk and

(∑
l>k E•jl −

∑
l>k o•jl

)
> 0

o•jk otherwise

In other words, the correction is applied only when two conditions are met: the provider
has more occurrences than expected at the current level k, and simultaneously has a deficit of
occurrences (fewer observed than expected) when all more expensive levels (l > k) are summed
together. If both are true, this total deficit from the higher levels is subtracted from the observed
occurrences at level k.

Some notes on this correction formula:

• The correction is applied to intermediate levels k ∈ (Kmin,Kmax), excluding the minimum
(Kmin) and maximum (Kmax) cost levels. The logic is that if a provider has more occur-
rences than expected at level k (o•jk > E•jk), but fewer total occurrences than expected
at all more expensive levels combined (

∑
l>k o•jl <

∑
l>k E•jl), the excess at level k is

attributed to this deficit at higher levels.

• As the correction term
(∑

l>k . . .
)

depends only on higher levels, the highest level (Kmax)
is never corrected.

• The lowest level (Kmin), being the cheapest option, is assumed to carry no "risico-omzet"
and is also excluded from correction.

• This correction term is based purely on the estimated expected values (E•jl) and observed
values (o•jl). No statistical margin (i.e., no σ̂ or τ̂ term) is used in this adjustment step.

The corrected occurrence count, og•jk, replaces the original observed count o•jk when cal-
culating the final divergence and "risico-omzet". The formula from Subsection 2.3 is adapted,
using the corrected fraction og•jk/n•j as the observed value for level k:

Risico-omzet (level k) =

(
og•jk
n•j

− (êjk + t ·
√
σ̂2
jk + τ̂2k )

)
· n•j

This amount is then multiplied by the estimated average cost for that specific level k. The terms
êjk, σ̂jk, and τ̂k are the standard parameters from Section 2, but calculated specifically for care
level k.
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4 Appendix: Bias in weighted sample variance

Suppose we have a sample Tj j = 1, 2, ..., k and (non-random) weights wj j = 1, 2, ..., k. The Tj

are independent and identically distributed. The weighted sample mean is

T =

∑
j wjTj

V1
(1)

where V1 =
∑

j wj . Let the weighted true population mean be µ. Then the expected weighted
sample variance s is

E[s] =
E[
∑

j wj(Tj − T )2]

V1

=
E[
∑k

j=1wj((Tj − µ)− (T − µ))2]

V1

=
E[
∑k

j=1wj((Tj − µ)2 + (T − µ)2 − 2(Tj − µ)(T − µ))]

V1
(2)

= Var T − Var T

where Var(X) represents the true weighted population variance in X. We can write Var(T ) as

Var(T ) = Var
(∑

j wjTj

V1

)
=

1

V 2
1

∑
j

Var(wjTj)

= Var(T )

∑
j w

2
j

V 2
1

= Var(T )
V2

V 2
1

(3)

Substituting equation 3 back into equation 2, we have

E[s] = Var(T )
(
1− V2

V 2
1

)
, (4)

where
(
1− V2

V 2
1

)
is the sample bias.
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